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INTRODUCTION
The fundamental theorems of limit analysis can be used to provide upper and lower bound estimates of the load required to cause collapse of a body or structure. If a suitable approximation for the displacement field is used, and the kinematic theorem is applied, an upper bound on the exact limit load can be obtained. Alternatively, if a suitable approximation for the stress field is used, and the static theorem is applied, a lower bound can be obtained. Applying these theorems and using a finite element discretization, numerical procedures have been developed to perform the limit analysis of perfectly plastic plates and slabs, e.g. [1] [2] [3] [4] [5] [6] [7] . These procedures can provide good bounds on the exact collapse load (or 'load multiplier'), with the results in [1] remarkably providing the best lower-bounds available for plate problems for many years [8] . However, finite element based computational limit analysis methods have drawbacks, and have to date not found widespread use in engineering practice. It is therefore desirable to explore a range alternative methods. Recently Le et al. [9] proposed a numerical kinematic formulation using the Element-Free Galerkin (EFG) method and second-order cone programming (SOCP) to furnish good (approximate) upper-bound solutions for Kirchhoff plate problems governed by the von Mises failure criterion. It has also been demonstrated [9, 10] that the EFG method is in general well suited for limit analysis problems, allowing accurate solutions to be obtained with relatively few nodes. Following this line of research, the main objective of this paper is to develop an equilibrium formulation which combines the EFG method with SOCP to obtain accurate solutions for both plate and slab problems.
In a static equilibrium formulation, the stress/moment fields are generally chosen so that the equilibrium equations, boundary conditions and continuity requirements are met for all feasible values of the problem variables. In Chen et al. [10] , a self-equilibrium stress basis vector at each Gaussian point is calculated by solving the equivalent weak form of the equilibrium equations. The self-equilibrium stress field is then obtained by a linear combination of several self-equilibrium stress basis vectors which are generated by considering the differences between intermediate stresses during the elasto-plastic equilibrium iteration. However, the stress field obtained is not guaranteed to be statically admissible as it is derived from an approximated virtual displacement field by solving the weak form of the equilibrium equation. In contrast, in this paper the stress/moment fields will be constructed by using a moving least squares approximation. It is well-known that the field obtained when using this technique is smooth over the entire problem domain. There is therefore no need to enforce continuity conditions at interfaces within the problem domain (which would be a key part of a comparable finite element formulation).
In the framework of meshfree methods, it is advantageous if the problem under consideration can be solved be evaluating quantities at the nodes only. For problems involving integration, a stabilized conforming nodal integration (SCNI) scheme proposed in [11] is an effective option. The main idea of the scheme is that nodal values are determined by spatially averaging field values using the divergence theorem. The scheme has been applied successfully to various analysis problems [9, [12] [13] [14] . It is shown that, when the SCNI scheme is applied, the solutions obtained are accurate and stable, and the computational cost is much lower than when using Gauss integration. Due to these advantages the scheme will be used here to stabilize the moment derivatives. Using smoothed second derivatives of the moment field at nodes, the equilibrium equations only need to be fulfilled at the nodes. Furthermore, properties of Voronoi cells (which are representative nodal domains used in the smoothing scheme) can be used as a reference when enforcing the yield criteria.
The aim of this paper is to present an EFG based equilibrium limit analysis formulation for application to rigid-perfectly plastic plates and slabs, governed by the von Mises and Nielsen yield criteria respectively. The Kirchhoff moment field is approximated by using the moving least squares technique and nodal collocation is used to impose boundary conditions. The yield criteria are cast in terms of conic constraints, allowing the limit analysis problem to be posed as a standard second-order cone programming problem which can be solved using highly efficient solvers [15] . Finally, in order to test the performance of the method, several benchmark plate and slab examples from the literature are investigated.
LIMIT ANALYSIS OF PLATES -EQUILIBRIUM FORMULATION
A lower-bound solution to the problem involving a rigid-perfectly plastic plate or slab can be obtained by using the static theorem of plasticity, which states that a moment field is statically and plastically admissible if (i) equilibrium and boundary conditions are fully satisfied, and (ii) the yield condition is not violated anywhere. The exact plastic collapse load multiplier, λ p , is the largest value among a set of lower bound multipliers, λ − , corresponding to any statically and plastically admissible moment distribution [1, 4] . The moment field is denoted as m = [m xx m yy m xy ]
T and is constrained to belong to the domain
in which the so-called yield function ψ(m) is convex. In this study, the yield criterion proposed by Nielsen [16] [17] [18] is used for the analysis of reinforced concrete slabs. The criterion is expressed as For steel plates, the von Mises failure criterion is often used, and can be expressed as
where m p = σ 0 t 2 /4 is the plastic moment of resistance per unit width of a plate of thickness t and yield stress σ 0 , and where Following the sign convention given in Figure 2 , the lower-bound limit analysis of plate/slab problems can be expressed in the form of a mathematical programming problem, as
where λ − is the numerically computed load multiplier, q is the pressure load,
, and the moment field m must also satisfy appropriate boundary conditions.
THE EFG EQUILIBRIUM MODEL

Moving least squares approximation
Whereas in the kinematic formulation the displacement field is approximated, here the moment field needs to be approximated. By using the moving least squares technique [19] , which is the most frequently used approximation in meshless methods, approximations of these moment fields can be expressed as
in which
A
where n is the number of nodes; p(x) is a set of basis functions; w I (x) is a weight function associated with node I. In this work, an isotropic quartic spline function is used, which is given by
with s =
, where R I is the support radius of node I and determined by
where β is the dimensionless size of influence domain and h I is the nodal spacing when nodes were distributed regularly, or the maximum distance to neighbouring nodes when nodes were distributed irregularly ( Figure 3 ). The maximum distance is determined by
where
in which V (P I ) is the Voronoi cell of particle P I .
Stabilized equilibrium equation
The equilibrium equations are frequently treated in one of two ways in numerical procedures: (i) equilibrium is enforced at nodes in the problem domain and also at boundaries (using the 'collocation' method), or (ii) the equilibrium equations are transformed into the equivalent weak-form (involving integrals), using the so-called 'weighted residual method' [20, 21] . The former method is simple and fast, but it has been reported to suffer from numerical stability problems [21, 22] . In contrast, formulations which use the weak-form can usually produce a stable set of discretized system equations, in turn leading to accurate solutions. Finite element based formulations have been developed by several authors [23, 24] . Considering meshless methods, an equilibrium model for elastostatic problems was first introduced in [25] , where stress fields were expressed by means of an Airy stress function, approximated using the moving least squares method. Alternatively the self-equilibrium stress field can be calculated by using an assumed displacement field and solving the weak form of the equilibrium equations [10] . However, here an alternative EFG equilibrium formulation in which the collocation method is used in combination with a smoothing technique is proposed. A strain smoothing method was firstly presented in [26] for the regularization of material instabilities. The strain smoothing method was then modified to allow stabilization in nodal integration schemes, leading to the so-called stabilized conforming nodal integration (SCNI) scheme [11] . The SCNI scheme was then successfully applied to both elastic analysis [12, 13] and plastic analysis [9] problems. It has been shown that the SCNI scheme results in an efficient and truly mesh-free method, and also to numerically stable solutions. This smoothing technique will now be adapted in order to stabilize problems involving bending moment derivatives as follows ,αβ at node j, and ϕ is a distribution (or 'smoothing') function that has to satisfy the following properties [14, 26] ϕ ≥ 0 and
For simplicity, the function ϕ is assumed to be a piecewise constant function and is given by
where a j is the area of the representative domain of node j, as shown in Figure 4 . Substituting Equation (16) into Equation (14) , and applying the divergence theorem, the following expressions can be derived
where Γ j is the boundary of the representative domain Ω j . Now introducing a moving least squares approximation of the moment fields, the smooth version of the moment second-derivative can be expressed as
whereΦ is the smoothed version of Φ; ns is the number of segments of a Voronoi nodal domain Ω j as shown in the Figure 4 ; x k j and x k+1 j are the coordinates of the two end points of boundary segment Γ k j which has length l k and outward surface normal n k . With the use of the smoothed valuem h ,αβ the equilibrium equation can be enforced at n nodes, and Equation (5b) can be rewritten as
where I is a n × n identity matrix, and It is important to note that when the smoothing technique is used, the equilibrium equation is fulfilled at nodes only (unlike in [10] where the equilibrium is transformed into the equivalent weak form and enforced at Gauss points).
Enforcement of boundary conditions
It should be borne in mind that the quantities m xxI , m yyI and m xyI in Equation (6) are fictitious nodal values, rather than actual moments acting at the nodes. This unfortunately complicates matters when seeking to enforce boundary conditions. One way of addressing this is to use the collocation method proposed in [27] . Let M n , M nt and Q n denote the normal bending moment, twisting moment and transverse shear force at node x b on a free unloaded edge, where its normal vector n forms an angle α with the x-axis. Conditions for this boundary can be expressed as
where c α = cos α and s α = sin α. It is important to note that smoothed moment derivatives are used in the equilibrium equation (20) . Consequently, the shear forces Q x and Q y must also be calculated from these smoothed moment derivatives as follows
Introducing a moving least squares approximation of the moment field, Equation (27) can be rewritten as
where s αΦ1,y (x i ) s αΦ2,y (x i ) . . . s αΦn,y (x i ) . . .
where i = 1, 2, . . . , n b , and where n b is the number of nodes with boundary conditions.
SECOND-ORDER CONE PROGRAMMING (SOCP)
It was recognized in [28] that most commonly used yield criteria can be cast in the form of conic constraints, and optimization problems involving such constraints can be solved using highly efficient solvers [15] . Consequently, several numerical limit analysis procedures which involve the use of cone programming techniques have been reported recently [9, 29, 30] . This paper continues this trend by combining SOCP with the presented EFG equilibrium model. There are two types of second-order cone (also known as 'Lorentz' or 'ice cream' cones) in general use. The first is the standard quadratic cone, defined as
and the second is the rotated quadratic cone, defined as
In the following sections, the Nielsen and von Mises yield criteria will be formulated using rotated and standard quadratic cones respectively.
The Nielsen yield criterion
Introducing additional problem variables as follows 
the relations in Equation (2) are the intersection of two rotated cones and are expressed as
The von Mises yield criterion
In order to represent the von Mises criterion as a second-order cone constraint, Equation (41) is first rewritten in terms of the L 2 norm as
where J is the so-called Cholesky factor of P
By applying the following transformation of the moment variables m
and defining ρ 1 = m p , constraint (1) can be cast in terms of a second-order cone constraint as follows
where L q is the four-dimensional quadratic cone and ρ T = {ρ 1 ρ 2 ρ 3 ρ 4 }. Using a moving least squares approximation of the moment fields, the vector ρ 2→4 is evaluated at point x k and expressed as T and
with
Consequently, the quadratic cone at point x k is
Limit analysis formulation
The limit analysis formulation can now be expressed in the form of a standard second-order cone programming problem as
where np is the number of yield points. Using the existing Voronoi cell geometry, the yield condition can conveniently be enforced at vertex points within Voronoi cells, as well as at nodes, as indicated in Figure 5 .
extra yield points nodal yield points It should be emphasized that the collapse multiplier λ − determined using the described procedure is not guaranteed to represent a strict lower-bound on the exact value. This is because the smoothed moment derivative field may not fully satisfy equilibrium conditions everywhere in the domain, and because the yield condition is only enforced at a limited number of points. However, as the numerical discretization becomes increasingly fine one can expect to achieve an increasingly reliable approximation of the actual collapse load multiplier.
NUMERICAL EXAMPLES
The performance of the limit analysis procedure described will now be tested by examining a number of benchmark plate and slab problems for which upper and/or lower bound solutions have previously been reported in the literature. For all the examples considered uniform out-of-plane pressure loading was applied and the reference length L was taken as 10 m in the numerical simulations. Problems were setup using MATLAB and the Mosek version 5.0 optimization solver was used to obtain all solutions. Note that for convenience in each case the whole plate or slab problem has been solved, obviating the need to consider symmetry boundary conditions (these can be complicated to treat in the static formulation [31] ). The first example comprises a clamped square slab, as shown in Figure 6 , which has been investigated numerically by Chan [4] , Krabbenhoft and Damkilde [31, 32] and Krenk et al. [33] . It is assumed that the slab is isotropic with positive and negative yield moments m p in both directions (constant reinforcement). For this case, the yield criterion (2) may be represented as a square yield locus in the plane of the principal moments [28, 34] , and the exact solution has been identified by Fox [35] as
Reinforced concrete slab examples
The problem has been solved using a N × N nodes uniformly distributed across the whole slab. The solutions obtained with the size of the domain of influence, β, taken as 3 for various values of N are shown in Table I . It can be observed from Table I that close estimates of the exact solution can be obtained even when only a moderate number of nodes are used. For the finest nodal discretization used (40×40 nodes), the solution obtained is very close (within 0.05%) of the exact solution. Furthermore, although it has been pointed out that the procedure cannot be guaranteed to provide strict lower bound solutions, it is clear that all the solutions obtained are below the exact value.
The relationship between the computed collapse load multiplier and the size of the influence domain, governed by the parameter β, are illustrated in Figure 7 . It can be observed that, when β is taken to be larger than 3, a higher (i.e. improved) computed load multiplier can sometimes be obtained. However, since the computational cost increases with the size of the influence domain, a reasonable compromise between accuracy and computational cost can be achieved when β is taken as 3, as will be the case for all problems considered henceforth. Compared to results obtained by previous workers, the best solution obtained using the present procedure is significantly higher than that obtained in [33] and [4] (41.78 and 42.32 respectively), and slightly higher than the solution obtained in [32] (42.82), despite the fact that the number of nodes used here is significant smaller than in [32] (40×40 nodes compared to 101×101 nodes for the whole slab). The moment distributions at collapse are shown in Figure 8 .
A simply supported isotropic square slab will be considered next. For this case the exact collapse load multiplier was given in [8] as λ p = 24 m p qL 2 . When 20×20 nodes were used to model the slab, the corresponding normalized collapse multiplier was found to be 23.996, which is clearly in excellent agreement with the exact solution.
The method will next be applied to a clamped isotropic circular slab subjected to a uniform pressure loading. The exact collapse multiplier was given in [8] as λ p = 12 m p qR 2 , where R is the slab radius. The problem was solved using an irregular layout of nodes comprising 49 nodes laid out over the slab, as shown on Figure 9 . A normalized solution of 11.89 was obtained, which is just 0.9% lower than the exact collapse multiplier. 
Metal plate examples
Square steel plates with either clamped or simply supports on all edges will now be considered; these have also been investigated by Hodge and Belytschko [1] , Andersen et al. [36] , Capsoni and Corradi [2] , and more recently by Le et al. [9] . The problems were solved using N × N nodes uniformly distributed across the whole plate and in all numerical simulations the plate thickness was taken as t = 0.1 m. The solutions and CPU times are shown in Table II for various levels of nodal refinement. Table III compares normalized solutions obtained using the present method with upper and lower bound solutions that have previously been reported in the literature. It can be observed that the solutions obtained using the present method are in good agreement with previous results. For both clamped and simply supported plate problems, the solutions obtained here are higher than the best lower-bounds obtained in [1] (2.33% in the case of the clamped plate and 0.48% in the case of the simply supported plate). Together with [9] , this indicates that numerical limit analysis procedures which use the EFG method are capable of producing good results. Note that in the case of the simply supported square plate, the mean value of the lower-bound obtained here and the upper-bound obtained in [9] is 24.995, which is evidently in excellent agreement with the solution obtained by Andersen et al. [36] . Moment distributions at collapse for these plates are shown in Figures 10 and 11 . Rectangular plates (dimensions a × b) with different boundary conditions will now be considered. All problems here were solved using 60 × 30 nodes with a = 2b = 10 m. In case of the plate with 3 clamped boundaries and 1 free edge, note that the free edge has length b. Collapse load multipliers are shown in Table IV . It can be observed from the table that the gaps between the (approximate) lower-bounds found in this paper and (approximate) upper-bounds in [9] are narrow, particularly for the case of a rectangular plate with simply supported boundaries. Moment distributions at collapse are shown in Figure 12 . In plates containing free boundaries it can be observed that the moments oscillate slightly close to a free edge, as shown in Figure 12c . This may be explained by the fact that average values of the shear forces were used to enforce the shear boundary condition. However, if the shear forces are computed using the actual values of the moment derivatives (rather than the smoothed values given in Equations (28) and (29)), larger oscillations result.
CONCLUSIONS
An Element-Free Galerkin (EFG) based equilibrium limit analysis formulation has been proposed. This uses a moving least squares approximation of the moment field, which means that the resulting field is smooth over the entire problem domain. The collocation method is used in combination with the stabilized conforming nodal integration (SCNI) scheme to ensure that equilibrium needs only to be enforced at nodes. The Nielsen and von Mises yield criteria are formulated as second-order cones so that the underlying limit analysis problem becomes a standard second-order cone programming problem, which can be solved efficiently using primal-dual interior point solvers. Although the procedure cannot be guaranteed to produce strict lower bound solutions, for the plate and slab problems investigated solutions were in practice always lower than known exact solutions, and higher than (improved cf.) existing lower bound numerical solutions in the literature.
